A WEIGHTED ISOPERIMETRIC INEQUALITY IN A WEDGE 



F. BROCK^ - F. CHIACCHIO^ - A. MERCALDO^ 

Abstract. Let c, ki, . . . , /cat be non-negative numbers, and define a measure jj, in the wedge W := 
{x G : Xi > 0,i — 1,...,A''} by d/i = e'^'^' x'l^ ■ ■ ■ x'^ dx . It is shown that among all 
measurable subsets of W with fixed ^ -measure, the intersection of W with a ball centered at the 
origin renders the weighted perimeter relative to W a, minimum. 
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1. Introduction 

Let a measure u be defined by dv = (j){x) dx, where (p is a positive Borel measurable function 
defined on a subset Q of M^. If Af is Lebesgue measurable set with M C 0, we define the i/-measure 
of M 



(l){x) dx 

IM 



(LI) u{M) = I du= j 

Jm Jm 

and the i/-perimeter of M relative to O 

P^{M, n) = sup I / div (v(x)(/>(x)) : V € C^{n, 



|v| < 1 



Note that if M is a smooth set, then 



p^{M,n)= / <j){x)dnN-i{x). 

JdMnn 

The isoperimetric problem reads as 

(1.2) Iu,n{'^) '■= inf{Pv(M, n) : M C n, i/(M) = m}, m > 0. 

One says that M is an isoperimetric set if u{M) = m and /^,q(?ti) = Pi,{M, Q). In this paper we 
consider the case that Q. is the wedge W in M^, where 

(1.3) := {x € : Xi > 0, i = 1,... ,iV}, 
and we determine functions (f) having Bn n as an isoperimetric set. 

Here and throughout the paper, Bn and Bji{x) denote the ball of radius R centered at zero and 
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at X, respectively. 

In a recent paper [5], the authors studied the case that Q is the half-space 

H ■.= {x£R'^ : XN> 0}, 

and, among other things, the following two results were proved. 

Theorem A: (see [5], Theorem 1.1) 
Let 

(p{x) = x% exp {c|xp}, X £ H, 

where c,k>0. Then Iu,H{fn) = Pu^Br n i/, H) for every R > such that m = f^Bn n H). 

Theorem B: (see [S], Theorem 2.1 and Lemma 2.1) 
Let (p £ C'^{W), and assume 4> is in separated form, 

N 

1=1 

where 4>i G C^((0,oo)) n C([0,oo)), </>j(xi) > if > 0, (i = I,. . . ,N). Further, suppose that 
Iy,w{rn) = Py{BR n W, W) for every R>0 such that m = v{Br n W). Then 

N 

(1.4) (t){x) = a exp {c\x\^]Y\_xi\ x € TV, 

i=l 

where a > 0, h > 0, (i = I, . . . , N), and c e M. 

Theorems A and B are imbedded in a wide bibliography related to the isoperimetric problems for 
manifolds with density (see, for instance, PElElllElEllSlinillllliaillllTlllIS]). 
The following result accomplishes Theorem B, and its proof will be given in Section 2: 

Theorem 1 : Let c,ki be nonnegative numbers, (i = 1, . . . , Aj, and let a measure fi on W be 
defined by 

N 

(1.5) dji := exp {c\x\'^}Y\_Xi' dx. 

i=l 

Then I^,w{rn) = P^{Br n W, W) for every R>0 such that m = h{Br n W). 

It is customary to write isoperimetric inequalities as a relation between the perimeter and the 
measure of a set. 
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Set 

k := (/ci, . . . , /cat), 

N 

|k| := "y '^kj, 

i=l 

h{r) := e^^V^-i+l'^l, 



H{r) := r e^^'t^-^+l*^! (it, (r > 0), and 
JO 



With these notations Theorem 1 can be reformulated as 

(1.6) P^(M, W) > Kh {H-\fi{M)/K)) , 

with equahty if M = Br n VF, for some R > 0. Note, in the special case c = 0, (jl.6p reads 

(1.7) P^{M, W) > ((AT + |k|)^(M))(^-i+l^l)/(^+l^l) . 

Theorem 1 has numerous applications, and they will be analysed in a forthcoming paper [6]: 
The fact that sets Bfi n W, {R > 0), are isoperimetric for the weighted measure /i imply a Polya- 
Szego - type inequality, comparing the weighted Sobolev norms of a given function and its weighted 
rearrangement (compare with [18], p. 125). In turn, this allows to find the best constants in some 
Sobolev inequalities for functions defined in the wedge W. 

Furthermore, Theorem 1 gives rise to sharp comparison result for weighted elliptic problems in 
subsets of W (compare with [16] , [T7] , and [1] ) . 

2. Proof of the main result 
In this section we prove Theorem 1. A crucial role is played by the following 
Lemma 1: Let k > 0, I > 0, and de&ne a function a e C°°((0, 7r/2)) n C([0,7r/2]) implicitly by 

fd Me) 
(2.1) / sin^' t cos' t = ci / sin'^+'sds, 6'G[0,7r/2], 

Jo Jo 

where 

rr^^ sin'^ t cos' t dt 

(2-2) ci := ^° . , ■ 

Jq sm"^' s ds 

Then 

(2.3) cT'{e)>l, 0e(O,7r/2). 
Proof: Equation (|2.ip implies 

(2.4) sin''ecos^e = cia'{9)sm''+^a{e), ee(0,7r/2), 
o-(O) = 0, and a{Tr/2) = vr. Set 

/(0) :=sin'=0cos'^-cisin^'+'(T(^), 9£ [0,7r/2], 
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and note that / G C°°((0, ^2)) n C([0,^/2]), with /(O) = /(^/2) = 0. Then ^ holds iff 

(2.5) f{e)>0, 9e{0,7r/2). 
Assume (j2.5p was not true. Then there exists ^ (0,vr/2) with 

(2.6) fiOo) < 0, fiOo) = 0, /"(^o) > 0. 
This, in turn, also implies that 

(2.7) a'{9o) < 1. 
By (I2.4P we have 

(2.8) f'{e) = cia'{9) sin'^+' a{9) {k cot - / tan 9 - {k + I) cot a{9)) , G (0, n/2). 
The second condition in (j2.6p and (|2.8p give 

(2.9) A; cot 6*0 - / tan 9o - {k + I) cot cr(6'o) = 0. 
Then, differentiating (|2.8p . the third condition in (|2.6I ). and (|2.9p give 

J [9o) - cia [Uo) sm a[do — r^- ^-^ H . 2 /a \ - 

V sm^^o cos^fc'o surer (6*0) / 

which implies 

(2.10) 1 > a'{9o) > + ^ ^ °^ 



sin^ ^0 cos^ 6*0 y k + l 
On the other hand, (12. 9p yields 

(fc cot 6*0 - Z tan 6*0)^ 1 - sin^ o-(6'o) 



(fc + O^ sin2cj(eo) 

that is, 



2 ^_ + 



('•'^^ ^^'^ "(^°)=(^ + (fccot^o-/tan^o)^- 

Plugging (I2TT]1 into (f2T0]l . we find 

^^•^^^ {k + lY + {kcoi9,-li^u9,r 

This implies 

(2.13) {k + If + {k cot 6*0 - I tan 9of > {k + I) { — + 



sm^ ^0 cos^ 9o 



Setting sin =: z G (0, 1), this yields 



+ lf + k^L^ + f^-2kl>{k + l)(-+ ^ 



z 1 — z \z 1 

that is, 

kl kl 

- + -. <0, 

z 1 — z 
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which is impossible. Hence (j2.5p follows, and Lemma 1 is proved. 
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Now we prove Theorem 1 in two steps. We firstly face, using Lemma above, the bidimensional 
case and then the result is achieved in its full generality via an induction argument over the 
dimension N. 

Proof of Theorem 1. Step 1: The case N = 2. 

We write {x,y) for points in E?, and W := {{x,y) £ M? : x > 0,y > 0}. Introduce a measure on 
W by 

dfi = exp {c(x^ + y'^)}x^y^ dx dy, 
where c, I and k are nonnegative constants. 

Let M be a smooth set contained in W, and choose R > such that ij-{Br n W) = fi{M). Then 

m 

(2.14) dMnW =(jCk, 

k=l 

where the C^s are mutually non-intersecting, smooth curves, and 

(2.15) Pf,{M,W) = ^ exp{c{x^ +y^)}x^y^ ds, {ds : Euclidean arc length differential ). 

k = l ■'^k 

Let C be one of the curves in the decomposition (j2.14p . with parametrization 

C := {{x{t)Mt)) ■■ [a,6]}, 
where x, y € C^([a, 6]) and a, 6 G M, a < 6. Then 

(2.16) / exp{c(x2+2/2)}^yds= f\xp {c{x\t) + y\t))}x\t)y\t)^ {x' {t)Y + {y'{t)Ydt. 

JC Ja 

Let p : — ?> (0, +00) x (0,7r/2) be the polar coordinates mapping given by 

p(rcos6',rsin6') := {r,0), (r > 0, < 6^ < 7r/2), 
and write {r{t),9(t)) := p{x{t),y{t)), {a < t < b). Then also 

(2.17) / exp{c{x'^ + y^)}x^y^ds= f e^'^'Wr'=+'(t) Vr2(t)(6''(t))2 + {r'{t)Y sin'= e{t) cos' e{t) dt. 

Jc Ja 

(Here and in the following, " "' denotes differentiation w.r.t. t.) 

Next, let U : (0, +00) x (0,7r/2) (0,-l-oo) x (0,7r) be the mapping given by 

U{r, 9) := (r, a{9)), {r > 0, < 9 < 7r/2), 

where a is the function defined by (|2.ip and (|2.2p . Finally, let be the upper half-plane {(n, v) € 
: f > 0}, and define a diffeomorphism from W onto by 

T := oU op. 

Writing {u,v) for points in M^, and (x, y) = (r cos 0, r sin0) for points in W, we have 

[u, v) = T{x, y) = (r cos cr{9),r s'ma{9)). 
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Introduce a measure Jl on by 

d]l := exp {c(n^ + u^)}t>^'+' du dv. 

Using the notation {u{t),v{t)) := T{x{t),y{t)), and since p{u{t),v{t)) = {r{t), a{9{{t))), {a < t < 
b), we find, similarly as above, 

m „ 

(2.18) Pji{T{M),Rl) = y2 exp{c(n2+7;2)}/+'ds. 



k=l 



and 



(2.19) / exp{c{u^ +v^)}v''+^ds 

Jt(c) 



exp {c{u\t) + v\t))}v''+\tWiu'it)y + {v'{t)y dt 



a 



e 

a 



'^-''(.i)r^+\t)\lr^it) ( {e'{t)Y + {r'{t)Y sin'=+' a{e{t)) dt. 



By Lemma 1 we have % > 1, which implies, together with (|2.19p . (|2.ip and (|2.2p . 



(2.20) / exp{c(u2 +?;2)}t;fc+'(is 

Jt{c) 

< re'="'Wr*^+'(t)v'r2(i)(0'(i))2 + (r'(t))2^ sin'=+' cj(0(t)) 



1 



e'='''Wr^'+'(t)Vr2(t)(0'(t))2 + (r'(t))2 sin'^ 0(t) cos' 0(0 dt 



— I exp{c(x^ +y^)}x'/ds, 
Cl Jc 



with equality if r(t) = const, for t G [a, b]. In view of (pJ5]) . ([2T7l) . (pJ8]) and ([2:20]) we conclude 
that 



(2.21) ciP^(r(M),M^) < P^{M,W), 
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with equality ii M = BrDW. 

Finally, using (12. ip . an elementary calculation shows that 



(2.22) //(M) = jjexp{c{x'^+y'^)}x^y''dxdy 



p{M) 



p{M) 



ci j y e'"'V''+'+^ sin''+' a dr rfcj 



p(T(M)) 

= cipf(r(M)). 

Now Theorem A, for iV = 2, tells us that Pji{T{M),R\) > Pji{T{Br n W),M.\). Together with 
(j2.2ip and (|2.22p this proves the assertion for smooth sets. 

If M is a measurable subset of W with finite /x-perimeter, then, by the very properties of the 
weighted perimeter, there exists a sequence of smooth sets {M„}, (M„ C W , n G N), such that 
Imin^oo ^[Mn^M) = 0, and lim„^oo -P^i(-^n.) = PfiiM). Hence the assertion for M follows by 
approximation. □ 

Step 2: The general case. 

We proceed by induction over the dimension N. We write y = (x', xat, xat+i) for points in M^+-'^, 
where x' € M^, and x^v+i G IR, and 

Wn+1 ■■= {y = {x', XN,XN+i) G M^+^ : Xi > 0, i = 1, . . . , iV + 1}. 

Assume that the assertion holds true for some G N, {N > 2). 
Let a measure fj, on Wn+i be given by 

Af+l 

d/x = exp {c(|x'p + + x^+i)} xf' dy. 
We define two measures ui and 1^2 by 

AT-l 

dvi = exp {c|x'p} JJ x^' dx', 

i=l 

du2 = x)^x)^:^l e-xp {c{xj^ +xj^^i)}dxNdxN+i-, 
and note that d/i = duidv2- 

Let M be a subset of VFat+i having finite and positive /^-measure. 
We define 2-dimensional slices 

M(x') := {{xN,XN+i) : {x' , xn,xn+i) S M}, (x' G R^^^). 
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Let M' := {x' € M^^^ : < /i2(M(x'))}, and note that V2{M{x')) < +00 for a.e. x' G M'. For all 
those x' , let Q{x') be the quarter disc in centered at (0,0) with i'2{M{x')) = V2{Q{x'))- (For 
convenience, we put Q{x') = for all x' G M' with U2{M{x')) = +00.) Let 

W2 := {{xN,XN+i) : > 0, XAT+i > 0}. 

Since Theorem 1 holds in the two-dimensional case, we have that 

(2.23) Pu2{Q{x'),W2) <Pu.AM{x'),W2) for a.e. x' G M'. 
Let 

Q {y= {x' ,XN,XN+l) ■■ {xN,XN+l) G Q{x'), X G M'}. 

The product structure of the measure [i tells us that 

(i) ix{M) = fi{Q), and 

(ii) the isoperimetric property for slices, (j2.23p . carries over to M, that is, 

(2.24) P^iQ, Wn+i) < P^,{M, Wn+i). 
(see for instance Theorem 4.2 of [1]). 

Note again, the slice (5(x') = {{xn-,xn+i) ■ (x' ,XN,X]\f^i) G Q} is a quarter disc {(r cos 0, r sin 0) : 
< r < R{x'), 9 G (0,7r/2)}, with < R{x') < +00, ( x' G M'). Set 

K := {(x',r) : < r < R{x'), x' G M'}, 

and introduce a measure a on 

VFtv := {(x', r) : Xi > 0, i = 1, . . . , - 1, r > 0} 

by 

da := ar''^+''^+i+^ exp {c(|x'|^ + r'^)}dx'dr, 

where 

a := / cos'=^6l sin'^^+ie* del. 
Jo 

An elementary calculation then shows that 

fi{Q) = a{K), 

and 

P^{Q,Wn+i) = Pa{K,WN). 
Let denote the open ball in centered at the origin, with radius R, and choose R > such 
that 

a{BRnWN) = a{K). 
By the induction assumption it follows that 

(2.25) P^Br n Wn, Wn) < Pa{K, Wn). 
Finally, let M* defined by 

M* := {y = (x', X7V, X7v+i) : |x'p + x^ + x^^^ < R^, x, > 0, i = 1, .., N + 1}. 

Then 



/i(M*) = fi{M) 
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and 

P^(M*, Wn+i) = Pa{BR n Wn, Wn). 
The equalities above, together with (j2.25p and ()2.24p . yield 

P^{M'^,Wn+i) < P^,{M,Wn+i), 

that is, the isoperimetric property holds for + 1 in place of N dimensions. The Theorem is 
proved. □ 
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